DEFORMED HARISH-CHANDRA HOMOMORPHISM FOR THE CYCLIC 

QUIVER 



ALEXEI OBLOMKOV 

Abstract. In the case of cyclic quiver we prove that the deformed Harish- Chandra map 
whose existence was conjectured by Etingof and Ginzburg is well defined. As an application 
we prove a Kirillov-type formula for the cyclotomic Bessel function. 



1. Introduction 

In this note we prove the first part of Conjecture 11.22 from the paper [EGj on the de- 
formed Harish-Chandra isomorphism for the cyclic quiver. In other words, we prove that the 
deformed Harish-Chandra homomorphism is well defined. The constructed Harish-Chandra 
homomorphism can be used to study the representation theory of the rational Cherednik 
algebras associated to the complex reflection group & n ix (Z^)" where 6 n is the symmetric 
group \Ch\ IBEG1 IBEGll IB] IGG] . In particular, the paper [G] explains the construction for 
the shift functor. Also the last paper proves the second part of the Conjecture 11.2 concerning 
the kernel of the deformed Harish-Chandra homomorphism. 

The structure of the text is as follows. In subsections 12. l|272l we define the main objects: 
the cyclic quiver Q along with the space of representations RQ n of the associated quiver 
algebra CC}, and the rational Cherednik algebra H n (k,c) together with its spherical subal- 
gebra Hn ph (k,c). In subsections I2.3|2!4l we define the Dunkl operator embedding Qk,c (and 
®fc P c* := ® fc > c l# sph (fc c )) anc ^ ^ e radial part map 9tfc jC along with its twisted version 9^ c . In 
subsection 12.51 the main theorem is formulated. It states that the images of e* p c h and m{ w c 
are equal. Section [3] is devoted to the proof of the theorem. In subsection 14.11 of Section [J] 
we give a definition of the cyclotomic Bessel function and in the subsection 14.31 we prove an 
integral formula for this function. The formula generalizes the well known interpretation of 
the classical Bessel function as the integral over two dimensional sphere [Vj . In subsection 14.61 
we relate our integral formula to the theory of spherical functions and Kirillov's orbit method. 

The idea of the proof is to establish the equality lmQ s ^ = Im9^^ c 1) after localization by 
X{ = 0, 1 < i < n and 2) after localization by x\ = Xj, 1 < i < j < n. These two statements 
imply the theorem. Statement 1) is checked using the result for £ = 1 proved in [EG| and 2) 
is proved using the result for n = 1 proved by Holland |Hoj . 

2. The main theorem 

2.1. Quiver Q. Let Q be the cyclic quiver with t arrows oriented clockwise. We label the 
vertices of the quiver by numbers 0, ...,£— 1 in the clockwise direction. Let RQ n be the space 
of representations of the associated quiver algebra CQ of dimension n5 where 5 = (!,...,!). 



Date: July 27, 2005. 

This work was partially supported by the NSF grant DMS-9988796 and CRDF grant RM1-2545-MO-03. 

1 



In other words, RQ n is the vector space (B i=0 Hom(Vi + i,Vi), where Vj is the n-dimensional 
vector space assigned to the vertex i, and Vi = Vq. Let us denote by -Aj^+i the elements of 
Hom(V i+1 ,Vi). 

There is a natural action of the group G n = nto GL(Vi) on the space RQ n by conju- 
gation. If g = (g ,...,gi-x) G G, g { G GL{Vi) and A = (_A ,i, . . . , ^_ 1)0 ) then g ■ A = 
(go^ig^jgiAi^g^ 1 ,- ■ ■ ,91-iAi-ifigQ 1 ). Because the element (cld n , . . . ,cld n ) acts triv- 
ially on -RQn, we actually have an action of the group PG n = G n /C* on RQ n . We use the 
notation pQ n for the Lie algebra of PG n . 

2.2. The rational Cherednik algebra H n (k, c). We denote by T the cyclic group and by 
T n the semidirect product S n x r n with the symmetric group & n . The group Y is generated 
by an element a and the group & n is generated by transpositions Sij exchanging i and j, 
i^j- We denote by 7, the element of Y n which is equal to 7 at the i-th place and 1 at the 
other places. Then the conjugation by the element of the subgroup & n C Y n acts on the 
normal subgroup Y n by the formula: 

SijOi^Sij — oij, SijOipSij — Op, p ^ 

Let L be a two dimensional vector space and fix a basis x, y in L. Denote by L n the vector 
space L® n , and let Xj, ?/j denote x, y in the i-th component of the sum. The group Y n acts on 

Q^i(-^i) — C^i, Oj(Xjf) — Xj, O^iiyi) — £ yii Oli{Xj) — Xj, 
Sij{Xi) — Xj, Sijiyi) — Vj 

Sij(xk) = x k , Sij(y k )=yk, l<i,j^k<n, 

where e is a (fixed) primitive £-th root of unity. 

Let TL n be the tensor algebra of L n , that is the free algebra generated by Xi, yi, i = 1, . . . , n. 
There is an action of Y n on the algebra TL n , hence we can form a smash product r n x TL n . 

Definition. [EGJ The algebra H n (k,c), k G C,c G C^ _1 is the quotient of the algebra 
T n >< TL n by the relations: 

[xi,Xj} = 0, [yi,yj} = 0, l<i,j<n, 
e-i e-i 
[yi,Xi] = l-k^2^2 Sija^aj" 1 + (^a™, 1 < % < n, 

m=0 m=l 

e-i 

[y u x 3 ] = kJ2 s l3 e m aTa~ m , l<i^j<n. 

If e G C[r n ] is the idempotent corresponding to the trivial representation then H^ ph (k,c) = 
eH n (k,c)e is called the spherical subalgebra of H n (k,c). 

2.3. Dunkl operators. Prom the definition of H n (k, c) we see that the subalgebra generated 
by Xi, i = 1, . . . ,n is the algebra of polynomials of n variables. Thus we can think of Xj, 
i = 1, . . . , n as functions on the n-dimensional space t = C ra . Let us denote by t reff the open 
subset of t given by the conditions Xi 7^ e s Xj and x^ ^ for 1 < i ^= j < n, s = 0, . . . ,£ — 1. 

Let us denote by D(t reff ) the algebra of differential operators on t reg and let Y n x D(t re9 ) 
denote the smash product. As explained in |DO| there is an embedding ®k,c of the algebra 
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H n (k,c) into T n x D(t res ). The embedding is given by the formulas 

dxi ^ ^ Xi - e m x j 3 ' ^ (e m - v 1 ' 

1 jjki m=0 1 J m=l K ' 1 

The map ®k,c induces a map from the spherical subalgebra Hn ph {k,c) to the algebra 

D(t res ) rn of the T n -invariant differential operators on t re9 . We use the letter for this 
map. 

2.4. The radial part map. Let us define a character Xc of pQ n by the formula 

e-l 

Xc(x) =^2CiTr(xi), 

i=0 

where C % = \-\ Y?~=i t mi c m for i = 1, . . . ,£ - 1 and C = ^ - \ YL=i ^m- We use the 
same letter for the one dimensional representation of PG n . 

Let pr: G n — > PGL(Vo) be a projection of G n onto the 0-th component composed with the 
map GL(Vo) — > PGL{Vq). Let G Z + , Wk C C[yi, . . . , y n ] is the subspace of the homogeneous 
polynomials of degree fcn. Let : sl(Vb) — > 0t(Wfc) be the corresponding Lie algebra map. 
We denote by the same letter p k the representation of pg n induced by the projection pr. We 
use the notation pk fi for Pk® Xc- 

To define the radial part map we need the space of pg n -equivariant vector valued functions 
Fun^ f.. Let Fun' be the space of the functions on RQ n of the form f = f IIi=o( ( ^ e ^('^»>*+ 1 )) r '' 
where / is a rational function on RQ n and ri = —a + Y^j=o^ji * = 0, 1, <r : = 

^^~qsC s /£. The function / G Fun' Wfc is from the space i^ )C if and only if L g (f){x) = 

df{X d f ^ =0 = pk,c(s)f( X ) for a11 5 6 X G ^QnEI 

If x G C n is a vector then denote by diag(x) the diagonal matrix of size n. Let us denote 
by A the map C n — ► RQ n which sends x to the element (diag(x), . . . , diag(x)). The image 5 
of A is a slice for the action of PG n on RQ n . That is, for a generic element ^4 G RQ n there 
exists an element g G PG n such that g- A = A(x) G 5. Also, it is easy to see that the element 
x is unique up to the action of T n . 

The zero weight space VVfcfO] is one dimensional and, the restriction of / G Fun^c to 5 
takes values in Wfc[0]. That is, the restriction Res(f) of the function / can be regarded as 
scalar function. Moreover, / is uniquely determined by its restriction Res(f), and if / is 
r n -equivariant then there exists a function / G Fun^ c such that / = Res(f). Thus we can 
define the radial part map 9ik,c : D(RQ n ) PBn — > D(t re9 ) by the condition: 

Res(D(f)) = M k , c (D)Res{f), 

for all / G Funk c . Here we used the notation D(RQ n ) for the space of the differential 
operators on RQ n . It is easy to see that in fact this map lands in the subspace T)(RQ n )P Sn of 
pg n -invariant differential operators on RQ n . In particular, for a function h G C[i?Q n ] p9n we 
have 9ik,c(h) = Res(h). 



The fact the functions from Funk, c are multivalued functions on RQ n does not create the problem for 
us because for the computation of the radial part we only need the restriction of the function to a small 
neighborhood of the slice 5 defined below. 
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Remark 2.1. As explained at |EG] one can generalize the definition of 9lk,c to the case of any 
k G C. Namely, in this one should consider the representation Wk = (y%... y n ) k Cr j [yf 1 , . . . , y^ 1 ] 
where C( ) [yf l , • • • , Vn 1 ] ls the space of the Laurent polynomials of degree 0. If k is a positive 
integer then Wk is a subrepresentation of Wk, so the two settings are equivalent. 

It is more convenient to use the twisted version SH*™ of the radial part map: 

9\{ W C (D) :=5^ c om(D)o5 k , c , 

n 

SkM ■= 6k+l6 r, Sr :=Hxi, 5= J] (xf-xj). 

i=l l<i<j'<n 

2.5. Main result. 

Theorem. For all values of k,c we have ImSR^i = ImQ^. 

When n = 1 the theorem is a particular case of the results of Holland [HoJ , and when I = 1 
the theorem is proved by Etingof and Ginzburg [EG] who also conjectured the statement of 
the theorem for the general I. The map 

Sj£ k ,c ■= K W c 0@ kl : D(i?Qn) ps " eH n (k,c)e whose 
existence follows from the theorem is called the deformed Harish-Chandra homomorphism 

3. Proofs 

From the definition of H n (k, c) we see that we can localize our algebras H n (k, c) by inverting 
a polynomial of Xi which is preserved by the action of r„. For example, the polynomials 5, 5r 
have this property. 

Let us also introduce the notation H n (k) for the rational Cherednik algebra in the case 
£ = 1. This algebra is the quotient of & n x C{X\, Y\, . . . , X n , Y n ) by the relations: 

[Y i ,Y j ] = [X i ,X j ] = Q, l<i,j<n, 
[Yi,Xj] = ksij, 1 < % ^ j < n, 

[Y i ,X i ] = l-kY J S ij . 

Then we have the following propositions about the localizations. 

Proposition 3.1. 7/er £ C[r n ] C C[r n ] is the idempotent corresponding to the trivial 
representation, and H n {k)rx) * s ^ e localization by the variables Xi then we have the following 
isomorphism 

(e r H n (k,c)er)s r ^ H n (k)( X )- 
The isomorphism is induced by the embedding j: H n (k) (erH n (k,c)er)s r given by: 

Yi i ► £~ 1 x]~ i y i , Xi h-> xj, 1 < i < n. 

Proof. Let T is the n dimensional space with the coordinates Xj = xj, i = 1, . . . , n and T reg 
is the open subset defined by the conditions Xi ^ Xj, Xi ^ 0, 1 < i / j < n. We have 
an obvious isomorphism (ft: D(T reg ) xi & n — > er (D(t res ) xi r ra )er- It is enough to check that 
@fe,c°j(^) = ( ft°®k(Yi), i = 1,... ,n, where 0^ is the Dunkl embedding for H n (k) (see |EGJ). 
It can be done by a direct computation. □ 
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Proposition 3.2. We have an isomorphism H n (k,c)$ ~ H n (0,c)s induced by the embedding 
i : H n (0,c) ^ H n (k,c)s given by: 

e-i 1 

Vi^Vi + k^2^2 — m ( s ij a T a j m ~ !)» ^i^^i, 1 < i < n. 

Proof. The proof follows from the formulas for the Dunkl operators. □ 
Remark 3.1. If -Hi(c) is the rational Cherednik algebra for n = 1 then we have 

tf n (0, C ) = © n K tfi( C )® n . 

It is shown in the next two lemmas that we can also make compatible localization on the 
space RQ n - 

Namely, let RQ n C RQ n be the open subset consisting of the points A G RQ n with 
the property that the maps Aj^+i, i = 0, ...,£— 1 are invertible. We have a map ir 

RQn — ► GL n = GL(Vo) which sends A G RQ n to the product A),i^4i,2 ■ • • ^-i,o- Let i 

GL(Vb) — ► -RQn be a section of 7r: i(X) = (X, 1, . . . , 1). We define a homomorphism Sfc jC 

D(flC&M^-> D(GL n f l - by the condition s fejC (£>) (?*(/)) = i*(D(f)) for all / G Fun fe , c , 

L> G D(i?Q n )P9". 

As we know D(GL ra ) stn = D(0[ n )^™ where the subscript 'loc' stands for localization by 
the determinant. In particular the construction for the radial part from the previous section 
gives us a map 9t£" : D(gl„)^ D(T re f) e ". Let us introduce a map vr t : t T defined by 
TifpQ) = arf , i = l,...,n. 

It turns out that we can put all these maps into a commutative diagram: 

Lemma 3.1. The diagram 



B(RQ n )^ — ^ D(t re 3) r " (eH n (k,c)e)s T 



^sph 



ttitw , ; 

D(0^n)f o S c " — *-> D(T^) e " «-*- (eff B (*)e) W 



is commutative. 



Proof. The map 7r^ acts on the differential operators by the change of variables Xi ^ xf, 
i = 1, . . . , I, hence from the description of the map j we see that the right half of the diagram 
is commutative. That the left half of the diagram commutes follows from the definition of 
the radial part map. □ 

Let us consider another open subset RQ n C RQ n consisting of points A G RQ° n such that 
the matrix tt(A) is diagonalizable with distinct eigenvalues and matrices Yi = Ai^+i . . . A^\^ G 
End(Vi), i are nondegenerate. Let T C RQn be the subset of diagonal matrices (that is, 
the matrices -Aj^+i are diagonal for i = 0, ...,£— 1) and let us denote by i the embedding of 
T into RQ° n . 

It is elementary to see that RQ n = PG n (T). Hence i induces a map i*: D(i?Q n ) p0 ™ — > D° 
where D° is a algebra of differential operators which we describe below. Let 0^ n be a ring 
of invariants of K n = & n x H, H = (C*) n ^. The differential operators preserving 0^ n form 
a subalgebra D' C D(T). The elements of D' also preserve the subspace Fun° k c := Funk, c \r 
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and the homomorphism r : D' —* Endc(Fun® ) is well denned. The algebra D° is the image 
of r. 

We also have the radial part map 9l c : D° -» D(t re f) r «. We actually need a twisted version 
of this map «H*™ = <5f to o 9t c o 5f CT . 



Lemma 3.2. The diagram 



mi™ @ S P^ 



B(RQ° n )^ — D(t re ») r " (eH n (k,c)e)i 



D o D(t^)r« ( e ff ft (0,c)e) a 



is commutative. 




The proof of the lemma is analogous to the proof of the previous lemma. 

We also use notations St*™ and Qc ph for the radial part and Dunkl operator maps in the 
case n = l. The results of Holland imply the following proposition. It is the simplest case of 
his theorem and we provide a proof below. 

Proposition 3.3. If n = 1 then ImSR*™ = lme s c ph . 

Proof. By the definition of the Dunkl operators, we have &^' h (ey i e) = D' where D' E D(t re9 ) r 
A simple computation with Dunkl operators shows that: 

V OX X I \ox X J 

where Ci = Ylm=l eTn%c i The differential operator D' acts on the space F spanned by the 
monomials x r , r S C and D' is determined (up to a scalar) by the kernel of the action on F. 
It easy to compute this kernel: ker D' = (x a ° , . . . ,x CLe - 1 ) where aj = —£'%2 1 s= qC s . 
The operator 

c \dA ,idA 1>2 '"dAt-xp, 

also acts on F. The function / = AqY . . . A^Ziq, where r^+i = m/t — a + X^s=o nas ^ ne 
properties that / is Xc-equivariant and Resf = x m . That is, if m = la + en then the function 
/ does not depend on A i:i+ i, hence D"{f) = 0. This implies that ker D" = (x b °, . . . ,a r*- 1 ) 
where hi = to + a%. 

Because both operators are of order £ we have proved that D' = x~ o D" o x . This 
implies the inclusion Im0c p/l C ImSiH*™ because ei?i(c)e is generated by x e and y e |LS] . 

To prove the opposite inclusion we need the nitrations on Hi(c), D(t re9 ) and D(RQ n ). 
These nitrations are defined on the generators: 

deg(y) = 1, deg(x) = deg(a) = 0, 
deg (JI^J = 1 ; deg(x) = 0, 

degfir^— J=l, deg(A iii+ i) = 0, i = 0,...,£-l. 



dA i>i+1 
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It is easy to see that we have 

grHxic) = Z e x C[x, y\, 5 rD(t^) = C[x±\ y], 
grD(RQ n ) = C[A 0>1 , . . . , A^ 1>0 , B 1>0 , B ,*-i], 

where B;+i j is the image of — , i = 0, ...,£— 1. 

The maps JH*™ and G c respect the nitrations. Obviously, the associated graded map grQ s c ph 
is just the inclusion C[a;,y] Z£ <— > C[a; , y]. The map gr^ 1 ^ is the restriction map: / i— > /Is, 
where 5 = {A),i = • • • = A^_i ( o, £1,0 = • • • = £? ^_i}. We have Imgr^*™ = Imgr©^ 1 by the 
easiest case of the main theorem from [Ga| . 

Let us remark that we have I c C ker^*'" where I c is the ideal generated by the elements 

Ai i+iTTi^ Ai-l iTTT^ Ci i = 0, . . . ,£— 1. Moreover it is easy see that grl c = ker gr^L 1 " . 

Hence we have grlmS^™ = ImgrDK 1 ™ because we have gr ker •SK* 1 " D 5r/ c = kergriiK'"' and 
grker-iH*™ C ker grD^ for the obvious reasons. Obviously, grlm© c = Im<?rO c (because 
both maps are injective) hence we get grImO c = grlmD^'" 1 . Together with the inclusion 
Im®c Ph C Ixnffi™ this completes the proof. □ 

Proof of the theorem. From the paper |EG| we know that 9^(D(gl n ) p9 ™) = Qk(eH n (k)e), 
hence Lemma O implies that ^ c (B(RQn)^) = Q k;C ((eH n (k,c)e) Sr ). 

On the other hand the map i* from Lemma 13.21 can be shown to be surjective. The proof 
is the induction by the order of the differential operators from D°. In particular, the image 
of i* contains the operators d m := Ya=i d(A i) m ■ ■ ■ dTlf 1 ) m • same computation as in 
the proposition ECU implies that ^{d m ) = @ s P c(T,7=x vf )■ That ™ply ^k,c(V(RQ° n )) D 

Qj. jC ((eH n (k, c)e)g) because the algebra eH n (k,c)e is generated by YH=i xV i an d Y^i=\V^ 1 
p,q>0. " 

The slight modification of the argument from the proposition 13.31 proves that we actually 
have equality SHfe jC (D(i?Q°)) = 6fc iC ((eff n (fc,c)e)j). But eH n (k,c)e is free 
module (under the left multiplication), hence we have 

(eH n (k,c)e)s r n (eH n (k,c)e)s = eH n (k,c)e. 

Thus we proved the theorem. □ 



4. Cyclotomic Bessel function 

4.1. Definitions. For P G C[yi, . . . , y n ] r ™ let us define a r n -invariant differential operator 
V P := Of c h (P) = P(T>t, . . .,V n ). The differential operators V P , P G C[yt, . . . ,y„] r " mutu- 
ally commute and we can study their common eigenfunctions. The problem makes sense if we 
replace T n by any complex reflection group W and Di by the corresponding Dunkl operators 
|DO| . In the case when W is a Coxeter group the problem was studied by |Op| . Most of the 
proofs from |Op| are valid in the case when W is a complex reflexion group. Below we refer 
to these proofs. 

7 



Let us define some simply connected domain C inside t reg . For that we define the set of 
cuts of t reg : 

cut, = {x G t reg \Uxi = Q,$Xi > 0}, 
cuti )i;m = {x G t re9 \^{xi/ Xj - e ^^m/i^ = Q) ^ x ./ x . _ gW=Tm//) > o < m < ^ 

cuti )i;m = {x G t^lSi^i/xj - e 2 -^ 31 " 1 ^) = 0) _ e W=W*) < Q ^ t>< m< £ f 

where 1 < i < j < n and f = £/2 if £ is even, £' = {£- l)/2 if £ is odd. Let cuts := 
Ui<i<i<n U < m <f cuty ;m U Ui<j< n cutj and C = t reg \ cuts. 

Let us fix A G C n . It is easy to see that the space V^ ,c of solutions of the system of 
equations in the domain C: 

V P f = P(X)f, VPeC[ yi ,...,2M] r ", 

has finite dimension (it is actually equal to |T n | for generic A (see | Op | , Corollary 3.7)). 

A function / G V^' c is analytic in C and can be analytically continued to t reg but the 
continued function is multivalued because t reg is not simply connected. Moreover, we can 
continue / G V^' c to t if we allow the singularities. Let us denote this continuation by /. 

Let us assume that k, C% G R, < % < I — 1 (the relation between C and c was explained 
at subsection I2.4[) . To simplify the exposition we also assume that k > 0, J2t=o Cj > 0, 

< s < I. The general case can be treated similarly. 

The functions /, / G V^ ,c could have the singularities. Let us assume that Cj ^ Z, 

1 = 1, . . . ,£— 1. Then the local analysis shows (see section 7 of |Op| ) that for any j, 1 < j < n 
and / G V^' c we can present / in the form 

/>) = J>fF s (x), 

where 5 is a subset of {0, ...,£ — 1}, a s are defined at the proof of the proposition 13.31 and F s , 
s G S is a nonzero function analytic at the generic point of the divisor {xj = 0}. In the case 
when the assumption on C does not hold there is a similar presentation for / (see section 7 
of |Op| ) which involves the logothimic functions. 

Let us assume that k £ Z + \ . Then it is also possible to show (see section 7 of |Op| ) that 
for any i,j,m, 1 < i ^ j < n, < m < £ and / G V\ we can present / in the form 

f(x) = - e m x 3 ) 2s F s {x) + J>< - e m x,) 2k+1+2t G t (x), 

seS *eT 

where 5, T are subsets of {0,1,... ,£'} and F s , Gt, s G S, t G T are non zero functions 
analytic at the generic point of the divisor {xj — e m Xj = 0}. Again if k G Z + ^ then there is 
a similar expression for / which involves the logorithmic functions. 

Let us also remark that the real part t^ es of t reg is a subset of C. Hence the restriction 
/| jj-es is a well defined single valued function. Let us also denote by A reg the subset of C" 

such that A G A reg if and only if A; ^ 0, Af ^ Aj, 1 < i ^ j < n. 

Definition. The cyclotomic Bessel function i?^' c , A G A res is a function from such that 

(1) B^ c has no singularities (i.e. takes only finite values) on t ~ C™, 

(2) B x ' c \gea is S n -invariant, 

(3) B k x ' c (0) = 1. 
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According to propositions 5.6, 6.8 and corollary 7.16 of |Up| the conditions (1), (2), (3) 
define the function B k,c uniquelly. Moreover, from the results of |Op ] it follows that the 
function B k,c is a singlevalued function. 

Remark 4.1. From the assumptions on the parameters Q, < i < I we see that < a^_\ = 0, 
< i < I — 1. Hence the generic function from V x ' c has singularities. 

Remark 4.2. When n = 1 and i = 2 the function B^' c is related to the classical Bessel function 
J Cl by the formula (Xx) Ci B k ' c (x) /T(Ci) = Jc^zA). 

Using the theory of the deformed Harish-Chandra homomorphism we find a Kirillov-type 
[K] integral formula for the Bessel function. We use the ideology of the paper {EFKJ to do 
that. 

Let K n = U(n) xe C G n be the maximal compact subgroup of G n . Let Q op be a cyclic 
quiver with t vertices and the edges oriented counterclockwise. Let RQ° n v be the space of 
representations of CQ op of dimension n5. Let us denote by A op the map which sends the 
element y £ C n to the element (diag(y), . . . ,diag(y)) £ RQrt . Let us denote by 0\ C RQrt 
the K n -orbit of the element A op (A). The invariant measure on K n induces a K n -invariant 
measure d/i\ on 0\. Then the space V\ := L 2 {0\) has a natural structure of K n -module: 

(g-f)(B) = f(g- 1 -B). 

The action of K n respects the Hermitian product (f,g)\ := J f(A)g(A)d/i\(A) on V>. 

4.2. Now let us assume that C G and k G Z+. Then the map pfc c gives us the represen- 
tation of K n which we denote by Wk, c (it is isomorphic to as a vector space). Let W^ c 
be its dual. The vector space V\ is a unitary representation of K n and we have: 

Proposition 4.1. If X € A re9 then there exists a unique up to scaling injective map of Jin- 
representations n\ c : Wft c — > Va- 

Proof. Because of the conditions on A we have 0\ ~ K n /T n where T n is a torus which 
is equal to the stabilizer of A op (A). On the other hand the space L 2 (K n ) has the left and 
right actions of K n and by the Peter- Weyl theorem it decomposes into the direct sum of 
subrepresentations 

L 2 (K n ) = ® v ^V y ®V, 

where K n is a notation for the space of all irreducible representations of K n and © is a 
notation for the completed direct sum. Hence we have 

L\o x ) = e Veii v y ®(v) T ". 

To finish the proof let us notice that W^™ ~ C. □ 

4.3. Integral formula. From the explicit construction of Wk )C C C[yi, . . . , y n ] we know that 
the monomials y\* . . . y 1 ^, YJj=i ij = n ^ span Wk, c and TFfc !C [0] = ((yi . . . y n ) k )- Let us define 
the function rrik on U (n) by the formula: 

g((yi ■ ■ ■ y n ) k ) = vn 'k{g){yi ■ ■ ■ Vn) k + the linear combination of the other monomials. 
Then we have 
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Corollary 1. For A G K reg we have 
(1) B k x > c (x) ~ 



where d\i\ is a left invariant measure on K n and ~ stands for being proportional. 

Before giving the prove let us discuss the formula ([T| in the case n = 1. 

4.4. Case n=l. In this case we can omit k from the notations. The space V\ is a space of 
solutions of the ODE: 

' •« + qt±ft)„,(a + e.+-+e» ) / = A . / . 

OT X J \OX X J 

Because of the assumption on the parameters Cj, < i < I we know that a, < a^_i = 0, 
< i < £. Hence the space of the function from V x without a pole at x = is one-dimensional 
and spanned by the Bessel function By 

Corollary gives the formula: 




(2) Bl{x)~x-^°=° SU ° e 2^=o^V-^+e ^^^^o.-.^-l, 

where we assume that (f£ = (fo. 

Proof of Corollary for n = 1. It is easy to check that RHS of ([2]) is a function from V x . Let 
us explain why it has no pole at x = 0. That is we need to prove that the integral in ([2]) has 
the zero of order ^ s =o s ^s at x = 0. 

Let us denote the integrand in ([2]) by F(tp, x). Let ej, i = 0, . . . , £ — 1 be a standard basis 
in and = a — ej+i, < i < £ — 1, = e^_i — eo- Then we have: 

H,...,i t =0 

where (y, tp) = — 1 X^i=o J/iVi- Only terms such that C— X)«=i = give a nonzero input 
into the integral f< 01 y ^F(0, (p)dipo . . . dtpi-\. There are no such terms if t < Yli=o s ^s- 
Moreover, if t = X^=o s ^s then there is only one such term. □ 
Corollary 2. For A ^ we have 

B ^ x ) = 7T^t e 3 dip ...dipe-i, 
J[o,iy 

where t = J2l=o s( ^s- 
4.5. 

Proof of the CorollaryUl One can show that we actually have Inm^ C C°°(0\). Let us 

choose a nonzero function <p k x > c G r)% c (W fc v [0]) G C°°(Ox) where the space Wfc[0] v c Wk, c is 
the one defined in subsection 14.31 Then it is easy to see that RHS of ([1]) is proportional to 
the function: 



h\(x) 



f OA ^W r(AAW) ^ A (A) 
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The space W^ c is a subspace of V\ and we can choose a basis v±, . . . , in W^ c and 
v\, . . . ,vn be its dual basis. Let us define the vector valued function 

N 

fx(B) = Y J v i v^(A)exp(tr(AB))dn x (A). 

It is easy to see that fx £ Funk, c and /a 1 1 is proportional to hx- For every P £ C[yi, . . . , y n ] r " 
there exists G„-invariant function S P G C[i?Q^] PG " such that S P (A op (y)) = P(y). One 
should think of Sp as a differential operator on RQ n with constant coefficients. From the 
proof of the main theorem one can see that 9^ c (Sp) = V P . Also from the formula for f x 
one can see that S P f x = S P (A°P(X))fx = P(\)fx- Finally we use that fx(A(x)) £ W k [0] for 
all x £ C n . 

Let us prove that RHS of (pQ) is analytic. From the discussion before the definition of the 
Bessel function we see that the functions from V x ,c can have the poles only along the divisors 
Xj = 0, j = 1, . . . , n. Hence we only need to show that the order of vanishing of the integral 
in RHS of ([I]) is at least Yll=o S C S - Let us show it for j = 1. 

Indeed, every element g £ K ra can be uniquely presented in the form g = gA((p), where g £ 
SU(n) xE and <p £ [0, l) e , A { = diag(e 27T ^^, 1, . . . , 1), < i < I. For ip £ [0, l) e , x £ C n let 
A(x,ip) be the element of RQ n such that A(x, </?)i,i+i = diag(e 27rv ' T: ^^ (pi ^ ipi+1 ^xi,X2, ■ ■ ■ ,x n ), 

< i < t. We can rewrite the integral from (TjQ) in the form: 

Int = I ( [ e^^ A ° P ( A )^ lA ^^))m fc (5o)dw(5)) Apo . . . 

J(pe[o,iy \JG n J 

where G n = SU(n) xi and dfii is the corresponding left G n -invariant measure. Now let us 
notice that when x\ = the integral: 

does not depend of (p. Hence the computation of the order of vanishing of Int at x\ = is 
essentially the same as in the case n = 1. □ 

Remark 4.3. It is easy to see that the integral in the formula ([T|) can be reduced to the integral 
over K n /T n because the integrand is T n -invariant. 

4.6. An interpretation in term of spherical functions. Let us illuminate the connection 
with the theory of spherical functions and Kirillov's orbit method. Let RQ n (M.) C RQ n 
(RQZTiR) C RQn PP ) be the subspace of the real points of RQ n (RQn PP )- Let G„(R) be the real 
part of G n . As G n (R) acts on the space RQ n (M), we have the group H n (M) = RQ n (M.) x G n (M.) 
with the relations: 

(A,g)-(B,h) = (A + g-B,gh), 
where A, B £ RQ n (R) and g, h £ G n (R). 

The group H n (M) has a left and right action of the subgroup G n (R). In particular, the 
space Funk^c is the space of Wk, c - valued functions on H n (M) which are invariant with respect 
to the left action of G n (]R) and G n (IR)-equivariant with respect to the right action. Hence 
from the ideology of the paper [EFKJ we know that we can construct the functions from 
Funk t c starting from the representations of H n (R). 

Now we construct unitary representations of H n (R). Let 0?, A £ R n , Aj ^ Xj, 1 < 

1 < j < n be the G n (R)-orbit of A op (A) inside RQ n (R). Let du x be a left G n (R)-invariant 

n 



measure on 0?. Then the space := L 2 (0^) has natural Hermitian product: (f,g)\ = 
f a f(A)g(A)d/jL\(A), and the group H n (R) acts by unitary operators on V^: 

((0, 5 ) • f)(A) = f^ 1 ■ A), ({B, 1) • f)(A) = exp(2xV=ltr(AB))f(A), 

where g G G„(R), A £ RQ n (R). 

Let V X R be the space of smooth functions on 0?. The complexifications of the groups G n (R) 
and K n coincide. Hence Proposition 14. II implies that there exists a unique up to scaling map 
of G n (R)-representations r/^ c : W^ c — ► V X R , where W^ c is a representation of G n (R) dual to 
W kjC . 

Clearly the image of rj£ c C does not lie inside but we can use pairing (-, -)\ for the 

elements of if we think of the integration over 0\ in the sense of generalized functions. 
Keeping it in mind we can write the formula for the spherical function: 

(3) ff(x)=j2MvUvy),x-i) x , 

i=i 

where X S H n (R), v%, . . . , vn is a basis in Wt )C and v\,. . . is a dual basis. It is clear that 
we have 

Corollary 3. For Ael" such that Aj ^ Xj, l<i^j<nwe have 

ff((A°™(x),l)) ~ B x (2ttV^1x), 
where ~ stands for being proportional. 

When i = 1 then the coadjoint orbit 0^ corresponds to the principal series representation 
V x of GL n (R) (see the User's Guide in [K]). For k = the function ff((l,A)), A £ g[ n (R) 
is the generalized g[ n (IR)-character of V x and the formula ([3]) is the classical Kirillov's inte- 
gral formula for the character. For the general k, the construction is a degeneration of the 
construction of [EFK ] where the vector valued characters of GL(n,C) were studied. Indeed, 
the WVvalued character of G = GL(n, C) can be interpreted as function onGxG which is 
left G-invariant and right G-equivariant (for more detailed discussion see [OpQ. While we 
degenerate the group G x G into gl(n, C) x GL(n, C) we see that the construction for the Jack 
polynomials from [EFK] give us the construction for the Bessel function from this note. 

In the paper |Ob| we study the space of the W^-valued functions on GL(2n,C) which 
are invariant with respect to the left action of GL(n,C) x GL(n,C) and Wfc iC -equivariant 
with respect to the right action of GL(n,C) x GL(n,C). In |Ob] we use representation 
theory of GL(2n, C) to construct the Macdonald-Koornwinder polynomials. If we degenerate 
GL(2nX) into the group gl(n,C)® 2 x GL(n,C) x2 , we get Corollary Q] for 1 = 2. Indeed, 
the group gl(n, C)® 2 x GL(n,C) x2 is the complexification of the group H n (M) and the right 
and left action of GL(n,C) x2 on GL(2n,C) degenerates into the right and left action of 
GL(n, C) x2 on the complexification of the group H n (R). 
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